Tests of the integrality properties of a scalar operator in topological strings on a resolved conifold background or orientifold of conifold backgrounds have been performed for arborescent knots and some nonarborescent knots. The recent results on polynomials for those knots colored by SU (N ) and SO(N ) adjoint representations [1] are useful to verify Marino's integrality conjecture up to two boxes in the Young diagram. In this paper, we review the salient aspects of the integrality properties and tabulate explicitly for an arborescent knot and a link. In our knotebook website, we have put these results for over 100 prime knots available in Rolfsen table and some links. The first application of the obtained results, an observation of the Gaussian distribution of the LMOV invariants is also reported.
Introduction
Topological string duality conjectures put forth by Gopakumar-Vafa [2] and Ooguri-Vafa [3] relates U (N ) Chern-Simons theory on S 3 to topological string theory on resolved conifold. This has led to rewrite suitable combinations of Chern-Simons knot polynomials [4, 5, 6] as reformulated invariants possessing integrality structures [7, 28, 8, 9, 10] famously known as LMOV condition (see also [11] for the latest development). These integer invariants count the BPS states(spectra of M2 branes ending on M5 branes in M-theory compactified on the conifold [2] ). These integers determine the oriented topological string amplitudes. The challenge to obtain the integers needs polynomial form of unreduced colored HOMFLY-PT for any knot/link. In fact, a recent breakthrough [12] - [23] , [1] enabled evaluation of colored HOMFLY-PT polynomials. Our knotebook website [24] which gets updated periodically gives the list of knots for which polynomials are obtained. Thus we can indirectly determine the BPS integers for such knots and thus verify the integrality structures within topological string duality context. The LMOV [3, 10] integrality condition is much stronger than the integrality of colored HOMFLY-PT and Kauffman knot polynomials. That is, in suitable variables (q = exp 
in SU (N )(colored HOMFLY-PT) or SO(N + 1) (colored Kauffman) Chern-Simons theories are Laurent polynomials with integer coefficients. There was no topological arguments to justify these integers. The categorification technique introduced by Khovanov-Rozansky [25] interprets these integers as dimension of doubly graded vector space. It is still a challenging question to find the connection of such a categorification approach and the conventional Reshetikhin-Turaev (RT) formalism [26] - [35] . In refs. [36, 37, 38] , these integers in Jones polynomials are 1 arXiv:1702.06316v3 [hep-th] 24 Jan 2018
interpreted as counting solutions of Hitchin equation in a four dimensional gauge theory for a given instanton number.
There is an elegant way of writing expectation value of Ooguri-Vafa scalar operator for knots in topological strings [3] using plethystic exponential of a spectrum generating function (SGF) known as index. Technically, if a Hilbert space has a SGF
then, the Fock space has a single state (vacuum) at the zeroth level, M 1 =Ñ 1 states at the first level, M 2 = N 2 + 1 2Ñ 1 (Ñ 1 + 1) states at the second level, M 3 =Ñ 3 +Ñ 2Ñ1 + 1 6Ñ 1 (Ñ 1 + 1)(Ñ 1 + 1) at the third, and so on, and the SGF in the Fock space is the plethystic exponential of "the free energy" (of SGF) in the Hilbert space:
Thus, if some quantity is supposed to have an interpretation as an SGF, its plethystic logarithm should also resemble an SGF: possess integrality properties. The original Ooguri-Gopakumar-Vafa conjecture [2, 3] for knot polynomials reflected the old belief that they are actually characters, and the plethysm operation is well known to act naturally on the characters [39] (physically the plethysm operation in the conjecture is related with the Schwinger mechanism of brane creation [2] ). For example, the generating function of quantum dimensions (in knot theory these are unreduced HOMFLY polynomials for the unknot) is
where the sum runs over all Young diagrams R ("colors"), χ R are the Schur functions of time variablesp k and the Adams (plethysm) operation Ad d : p k −→ p kd acts at the topological locus [31, 40] by raising the power of parameters:
The plethystic logarithm of Z unknot OV is therefore p *
=
A−A −1 q−q −1 and it possesses the integrality property:
is a Laurent polynomial in variables A and q with integer coefficients for any knot. In this case of unknot, it is actually independent of q. The claim is that such an integrality property is true for plethystic logarithms for the Ooguri-Vafa generating functions of colored HOMFLY for all knots. In particular, it suggests that free energies have only the first order poles in the Planck constant = log q which is expected for the partition function but not so obvious for unreduced knot polynomials ( P R ∼ −|R| ). As follows from (4), the plethystic transform exactly compensates the deviation, of the dimension d R from
|R|! (both classical and quantum dimensions). Further the deviation of the HOMFLY polynomial of general knots from the quantum dimension, i.e. non-classical nature of cabling, is measured by the Ooguri-Vafa polynomials f R (reformulated invariants). Basically, these are homogeneous polylinear combinations
with i n i |R i | = |R| and all |R i | < |R|, which vanish if all HOMFLY polynomials are substituted by the dimensions, H R −→ d R , e.g. f [2] = H [2] . This property defines them up to triangular transforms, and they automatically have only the first-order poles in {q}(= q − q −1 ). While similarity between knot polynomials and characters of an infinite-dimensional algebra is still a plausible conjecture (see some examples in [41] ), the fact is that these averages(1) for arbitrary representations involves character decomposition. Further localization ideas a la [42, 43, 44, 45, 46] can convert these averages into a finite-dimensional matrix model integral satisfying the AMM/EO topological recursion [47] . This has been achieved for the torus knots [48] . There are still difficulties implementing AMM/EO topological recursion for twist knots [49] but there is some evidence of applicability of AMM/EO recursion to the non-torus knot 4 1 [50] .
Motivated by the t'Hooft large N genus expansion (closed string partition function) for free energies in gauge theories, we do expect genus expansion in at fixed t' Hooft coupling (A fixed) for logarithm of the colored HOMFLY polynomials ln H K R (A, q). There is an alternative genus expansion [51] known as Hurwitz-Fourier transform in variable h:
where [52, 53] . Here the sum goes over the Young diagrams ∆ with l(∆) lines of lengths δ i and the number of boxes |∆| = l(∆) i δ i , while ϕ R (∆) are proportional to the characters of symmetric groups ψ R (∆) at |R| = |∆|:
, and continued to |R| > |∆| as in [52, eq.(3) ]. Here d R is the dimension of representation R of the symmetric group S |R| divided by |R|! and z ∆ is the standard symmetric factor of the Young diagram (order of the automorphism) [54] . With this definition, the sum in (8) runs over all ∆ such that |∆| ≤ |R|, while in all sums below we use ψ R (∆) which leaves in sums only terms with |R| = |∆|. An advantage to use the expansion (8) is in a possibility of lifting ϕ R (∆) to a ring of cut-and-join operators W ∆ [52] , while using the basis of ψ R (∆) is better for studying integrality conjectures.
This Hurwitz version of the Fourier transform in the color index R, (8) converts the set of colored HOMFLY polynomials into a collection of generalized special polynomials σ K g|∆ (A) [51] . They enter (8) through
Note that the free energy behaves as −2 , which is natural for τ -functions. The properties of this genus/Hurwitz expansion of individual knot polynomials did not yet gain enough attention. However, eq.(8) calls for study of the genus expansion of the Ooguri-Vafa partition functions and implies that a natural form for it should involve the plethystic exponential:
, where µ i is equal to the number of times that the line of length i is met in the Young diagram ∆. In these terms, z ∆ = i i µi µ i ! . Relation between (10) and (8) is not at all naive, since the sum of logarithm is not equal to a logarithm of the sum, or the sum of genus expansions is not the same as a genus expansion of the sum. It involves generalizations of the Cauchy formula (4) to the generation function of the generalized Hurwitz numbers [55, 56, 52 ]
where β ∆ encodes knot K information. The ϕ R (∆) appears in the "multipoint "correlators" of generalized symmetric group characters as follows:
Note that (10) uses yet another different version of genus expansion, that is., in power of q − q −1 rather than [51] . One can rewrite the product
which resembles the measure for the β-ensemble [57] :
. One can also look at it as a product of q-numbers
. Hence, the additional suppression |∆| in (8) disappears from (10).
3
The LMOV integrality conjecture claims that after one more Hurwitz transform of S ∆ (q, A) in (10),
the genus expansions
have integer coefficients. Moreover, integers N Q,g,k at fixed Q and k actually vanish at high enough genus g, this is an advantage of the above mentioned invariant version of the expansion. This LMOV integrality of every term of the genus expansion is, of course, much stronger than just integrality of the entire free energy. Note that relation (14) can be immediately inverted:
due to the orthogonality conditions
An important implication of the Hurwitz approach is that Z OV {p} should satisfy the AMM/OE topological recursion in g, and this fact was actually used in the study of proofs of LMOV relation in [61] . Such studies have not be extended to prove Marino's integrality conjectures involving Kauffman polynomials which we hope to pursue in future.
It is appropriate to mention that Marino's conjectures have been verified for some torus knots and links [62, 63, 64] and figure-eight knot [65] . Hence the main focus in this paper is to verify Marino's integrality conjectures for various arborescent knots up to 8 crossings using colored Kauffman polynomials (SO(N ) colors up to two boxes in Young diagram) and HOMFLY polynomials for mixed SU (N ) representations. The latter are calculated using the universal Racah matrices [1] which are known only for the arborescent knots.
Informally, arborescent knots are the ones which look like trees with two-bridge branches, i.e. by gluing together the fragments of 4-strand antiparallel braids, see [17] , where they were named double-fat. This is what makes their knot polynomials expressible through the two simplest Racah matrices S andS (see s.3.5 below). They are also well familiar in formal knot theory, see [6, 66] for an abstract definition and other details. The list of arborescent knots includes, in particular, all twisted, 2-bridge and pretzel knots. This means that all prime knots with up to 7 intersections are arborescent being 2-bridge. Among the knots with 8 crossings the only non-arborescent prime knot is 8 18 . Moving further in the Rolfsen table, among the knots with 9 crossings, only 9 34 , 9 39 , 9 40 , 9 41 , 9 47 , 9 49 are non-arborescent. At last, among the knots with 10 crossings, 10 100 -10 123 and 10 155 -10 165 are non-arborescent (polyhedral).
We will also present the LMOV integrality structures for SU (N ) colors up to four boxes in the Young diagram as well. It allows us to reveal a striking feature of the LMOV numbers: it turns out that, with a very high accuracy, the LMOV numbers appeared to be distributed by a Gaussian law as functions of the genus g! It is just an observation that has been tested for various knots 1 , and no exception has been found so far. In sec.2, we review the exact formulation of the integrality conjectures. In sec.3, we briefly recapitulate the recent progress in knot polynomial calculus. In sec.4, we will present in detail the integrality checks for a particular knot and link. We refer the reader to our dedicated site [24] where the results for other knots are updated. In sec.5, we report on the first application of the obtained results: the Gaussian distribution of the LMOV invariants. In the concluding sec.6, we summarize the results obtained.
2 LMOV conjecture: integrality conditions 2.1 Integrality conjecture in the HOMFLY case As we explained in the introduction section, the genus expansion in knot theory is determined using gauge/string duality [2, 3] . That is, U (N ) Chern-Simons theory on a three-manifold S 3 is equivalent to topological string theory on a Calabi-Yau manifold which is the resolution of the conifold. The expectation value of the OoguriVafa scalar operator associated with knots in S 3 ,
which is a generating function of the unreduced HOMFLY polynomials H K R (A, q), results in A-model open topological string partition function. In fact the logarithm of the operator can be interpreted as "connected" correlators f R (q, A) as follows:
We call the new quantities f R plethystic transforms of the adjoint HOMFLY polynomials by the reasons explained in the introduction section. Note that, the relation (14) can be inverted leading to constructing the inverse of plethysm transformation as performed in [9] :
Now, the expansion of HOMFLY polynomial is translated into a similar expansion of the plethystic polynomials:
Even though HOMFLY behaves as 1/(q − q −1 ) |R| , the reformulated invariant f R (q, A) has only singularity 1/(q − q −1 ) In fact, the only way to check this duality between Chern-Simons and topological string theories is to establish the integrality condition: the coefficients N R,n,k has to be integer in accordance with the Ooguri-Vafa conjecture [3] . Moreover, as we explained in the introduction section, one can construct even more refined integers (14) [8] 
where
To compare this formula with (14) , one has to use the identity
This matrix can be easily reversed using (17) :
Let us note that there is a hierarchy of integralities: the weakest statement is the claim that the HOMFLY polynomials are integer. The next level is integrality of N R,n,k , which implies that of HOMFLY, but not vice versa. However, N R,n,k are not independent: they satisfy some relations [7] , while the more refined N R,n,k are independent numbers and their integrality implies the integrality ofÑ R,n,k , but not vice versa. This means that N R,n,k are, in a sense, elementary building blocks. Their integrality from the knot theory point of view is not at all evident. Note that the BPS invariants N R,n,k are linearly related to the Gopakumar-Vafa (open Gromov-Witten) invariants n ∆,n,k [2] :
and the integrality of n ∆,n,k follows from the integrality of N R,n,k , but not vice versa. Integrality of the coefficients N Q,n,k was checked in [28, 29, 30] , and was also generally proven in [61] . However, as an illustration, we have calculated all N Q,n,k with |Q| ≤ 4 for the knots in the Rolfsen table [67] given by 3-strand braids and manifestly checked their integrality. We discuss this in sec.4.1.
Framing dependence. Explicit answers for the functions f R (q, A) and, hence, for all the integers depend on the choice of framing. Remarkably, this dependence can be described by the action of the cut-and-join operator and almost does not affect the integrality: the integers remain integers [10] at any framing with a small additional rescaling of the HOMFLY polynomials entering the definition (18) , though the dependence of integers on the framing is quite weird (see examples in [10, sec.4.3] 2 ). The total framing factor contains two multipliers:
proportional to the quadratic Casimir), where p is an arbitrary integer. The first multiplier is trivial, since it is removed by the replacep k → A pp k in (19), i.e. leads to a trivial factor of A p|R| in f R (q, A). The second factor is much less trivial. What is more important, in order to preserve the integrality, one has to change the definition (18) making it slightly dependent on framing: one should multiply the HOMFLY polynomials entering it by an additional framing factor: [68] . In fact, the framing story is different for knots and links. For knots, there is a distinguished topological framing (standard framing), and we present all the answers below for this choice. For links, there is no distinguished "mutual" framing of different components of the link. Moreover, here one should additionally care that the HOMFLY and Kauffman polynomials are calculated in the same framing. Another subtlety is a factor that distinguish between the reduced and unreduced knot polynomials. While in the HOMFLY case they differ just by the corresponding quantum dimensions, the standard Kauffman polynomial of a link is related with the unreduced one by multiplying with the quantum dimension and with a factor of A −2lk(L) , where lk(L) is the linking number.
Note that in order to fix notation in the case of links, one can use another distinguished framing, the vertical framing, which means that all R-matrices are generated from the universal one. This prescription fixes the notation, but it is different from the topological framing for knots. Fortunately, the relation in this case is very simple: for knots H
, where w is the writhe number.
Integrality conjectures in the Kauffman case
A natural generalization of the described correspondence is the equivalence between the SO/Sp Chern-Simons theory and the topological string theory on an orientifold of the small resolution of the conifold [69] - [65] . In this case, the Chern-Simons partition function is associated with two types of contributions: those from oriented and non-oriented strings, the former ones coming with the degree 1/2:
Thus, one expects that
• The partition function of the oriented strings Z o induces an integrality condition.
• The partition function of the non-oriented strings Z no also induces another integrality condition.
We will now briefly review the necessary steps: The oriented partition function is given by the generating function of the HOMFLY polynomials in composite representations [62] :
Note that the sum in the second case is over a double set of Young diagrams, but there is a single set of time variablesp. From this partition function one builds the free energy, which is again expanded into sum over Young diagrams,
and the first few terms of expansion are
. . .
There is a mirror symmetry under transposition of Young diagrams which relates knot polynomials as follows:
However its implication to h R is not seen. Note that the sign flip in (30) emerges in the course of performing the Adams transformation in (28) . One can again generate the refined integrality condition via
where the superscript c denotes the contribution from Riemann surfaces with c cross-cups [70, 71] . In order to calculate the non-oriented partition function, one has to calculate
where the numerator is given by the generating function of the (unreduced) Kauffman polynomials
3 This formula looks quite natural due to the Rudolph-Morton-Ryder theorem, [72] :
where "mod 2" means that the integer coefficients of the Laurent polynomials in this formula are taken modulo 2, K R is the Kauffman knot polynomial and H R,S denotes the HOMFLY polynomial in the composite representation [73] . In fact, the RudolphMorton-Ryder theorem immediately follows from the integrality conditions, see [62] .
and Z o is given by the HOMFLY polynomials in composite representations, (27) . Hence,
with the first terms of expansion being
and the integrality condition
The above discussion for knots can be extended to two component links. The relevant operator for these links will be
and
so that the explicit form for oriented invariants h R1,R2 for some representations are
and similarly
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where K 1 and K 2 are the components of the link andL denotes the link obtained from L by reversing the orientation of one of its components. These expansions are again related to the two corresponding integrality conditions:
Note that, in the case of link, h and g have to contain additional degrees of q − q −1 at q → 1 as compared with the knot case. The integrality expansions reviewed for unoriented topological string amplitudes were conjectured [62] and verified for (2, 2m + 1) torus knots. Now with our recent advances in evaluation of colored knot polynomials for adjoint representations for arborescent knots and non-arborescent knots obtained from three strand braids, [17] - [23] , [1] , we could provide further evidence for the conjecture.
The main goal of the present paper is to determine the coefficients N for a wide class of knots/links and check their integrality properties. Our results for many knots and links can be considered as a direct continuation of the Appendix from [32] and especially of Appendix B from [65] for figure-eight knot where the theory is presented in detail with relevant references.
In the following section we will present briefly various methods useful in the evaluation of colored polynomials.
Colored polynomials for arborescent knots
The colored HOMFLY polynomials are well defined quantities. If a link/knot is presented as the closure of a braid, then the HOMFLY polynomial is a q ρ -weighted trace of a product of quantum R-matrices at the intersections of strands of the braid [26] . In the modern version of the RT formalism [31] - [35] , one uses the Rmatrices acting in the space of intertwining operators. Actually this defines the HOMFLY polynomial up to an overall framing factor. For knots there is a distinguished choice of framing called the topological framing which is independent of framing number. Remarkably, such a framing choice is not necessary for LMOV integrality structure. These properties hold for other framings where we add a suitable U (1) invariant with suitable U (1) charges [10] . However, for links the distinguished framing does not exist. Moreover, there is an additional ambiguity in HOMFLY depending on mutual orientation of components.
Despite these constraints, the colored HOMFLY polynomials are very difficult to evaluate, and we have very limited success in this direction for arborescent knots and links. The main barrier in obtaining polynomial form is the absence of SU (N ) Racah matrices in quantum group theory. Finding these Racah matrices for arbitrary representation gets especially difficult in the case of non-trivial multiplicities (i.e. for non-rectangular Young diagrams and outside the E 8 -sector [74] ). Such representations with non-trivial multiplicity plays a crucial role in distinguishing mutant knot pairs [17] - [23] . In the following subsection, we will briefly review various methods leading to knot polynomials.
Inclusive Racah matrices for 3-strand braids
The brute force application of the modern RT formalism a la [31] - [35] requires knowledge of the matrices R a,a+1 acting at the crossing of adjacent strands a and a + 1 in the braid. While one of them, say R 12 , can be diagonalized and has very simple eigenvalues, which are just exponentials of quadratic Casimir eigenvalues κ Y [40] , the others are not diagonal and are obtained by conjugation with additional mixing matrices. In particular, R 23 = UR 12 U † , where U is a Racah matrix converting an intertwiner (
It is a matrix acting in the space of representations Y ∈ R ⊗2 . Thus the knowledge of the inclusive Racah matrix, i.e. a collection of Racah matrices for all Q ∈ R ⊗3 is sufficient for performing the 3-strand braid calculations. Going beyond three strand braid required determining a wider class of inclusive Racah matrices which is tedious.
Highest weight method
This method gives a straightforward evaluation of mixing matrices which requires comparison of linear bases inherited from the decompositions R ⊗(# of strands) with different order of brackets, like R ⊗2 ⊗ R and R ⊗ R ⊗2 .
Literally, if the vector spaces are associated with particular representations, this comparison gives the ClebshGordon coefficients. In order to get the Racah matrices, the simplest way is to look just at the highest weight vectors as elements in the abstract Verma modules. This formalism is successfully developed in [19] and [21] and has already allowed us to find the inclusive Racah matrices for R = [2, 2] and even R = [3, 1] . In combination with the differential expansion method [75, 76, 77, 78, 79, 80, 81] , this provides extensions to other rectangular representations. Further progress (for other non-rectangular representations) is expected after developing the ∆-technique briefly outlined in [21] . We are presently extending the work [32] investigating the highest weight method to determine polynomials of knots obtained from four or more strands carrying symmetric representation. Even though the method is straightforward and very successful, the calculations become cumbersome as we increase the number of strands beyond three strands.
Eigenvalue hypothesis
The most interesting method is the eigenvalue hypothesis [33] saying that the entries of Racah matrix are actually made from the known eigenvalues ±q
(the sign depends on belonging to the symmetric or anti-symmetric squares). Explicit formulas are currently known up to the size 6 × 6 (see [33] , [1] and [23] ), while for R = [3, 1] Racah matrices can be 20 × 20. Still, most of constituents of the inclusive Racah matrices are small, and the use of eigenvalue hypothesis is practically very convenient even in its present form. However there are conceptual questions [82] that still need to be resolved within this method.
Sum over paths for fundamental representations and cabling
A natural way is to represent R-matrices in the space of paths in the representation tree, which leads to a peculiar sum-over-paths formulation, at least, for the fundamental HOMFLY [34] . Then, the cabling method can be applied to extract the colored HOMFLY polynomials [35] . This method turns out to be rather powerful and calculations involving 12-strands determine [21] -colored HOMFLY polynomials for some 4-strand knots, and [31]-or [22] -colored HOMFLY polynomials for the 3-strand braids.
Two bridge and other arborescent (double-fat) knots
A big class, the arborescent knots [6, 66] , which dominate in the Rolfsen table of knots with low crossing numbers, has a peculiar double-fat realization [17] , which expresses their HOMFLY polynomials through just two exclusive Racah matrices S :
The term exclusive refers to selecting just one particular representation R from the product R ⊗2 ⊗R. Exclusive is, of course, much simpler than inclusive; however, involvement of the conjugate representation (inverted strand direction), is a considerable complication. The matrices S andS are known for all symmetric (and antisymmetric) representations R [14] and [83] and, by an outstanding effort, for
S andS from exclusive Racah
A much simpler way to obtain S andS for non-symmetric representations was suggested in [23] . Namely, the exclusive Racah matrices S were extracted from the HOMFLY polynomials of the double evolution family [77] of 3-strand braids (which were evaluated with the known inclusive Racah matrices) in the following way: the same family can be presented as an arborescent family (of the pretzel knots), hence, its HOMFLY polynomials can be presented in the form involving the exclusive matrices in such a way that S diagonalizes the double evolution matrix. Then the second exclusive matrixS is obtained from the relation
which is always correct for the Racah matrices [84] and follows from triviality of two unlinked unknots [17] .
Families of arborescent knots
This approach to the exclusive Racah matrices is yet another impressive success of the evolution method [40, 77] , which describes each knot or link together with a whole family which arises when any of the encountered Rmatrices is raised to an arbitrary power. The point is that calculations for the entire family is technically the 
Universal knot polynomials
It is not easy to include conjugate representations, which will involve the rank N dependence, within highest weight method which is N -independent. Interestingly for adjoint representations, Vogel's universality hypothesis [85] claims that they can be formulated in a universal, group-independent way. The hypothesis actually originated from knot theory studies, and the idea was to raise it up to the group theory level, where it partly failed. However, not very surprisingly, the knot polynomials are not sensitive to the failures, and they are indeed universal [74, 1] . Moreover, an extension of Vogel's hypothesis from the dimensions and Casimirs to the Racah matrices, which is one of the steps required for evaluating the adjoint HOMFLY polynomial, also provided the non-trivial confirmation of the eigenvalue hypothesis and explicit formulas for the 6 × 6 Racah matrices [1] . This data has been useful for writing colored HOMFLY and colored Kauffman for adjoint representation.
A collection of colored knot polynomials
As we cited throughout this paper, the data on the colored knot polynomials are collected in the website [24] . We briefly describe here the structure of this site. Basically, it consists of three large parts (apart from links to other knot tables that contain only uncolored knot polynomials with a notable exception of the colored Jones ones): the first part contains a description of some important families of knots and links; the second one contains a theoretical part with links to papers useful for evaluation of colored polynomials; and, the most important third part contains the data: the Racah and mixing matrices, which allow one to evaluate knot polynomials, and the results of this evaluation. 21 . Similarly, section (ii), which has been less developed yet contains, apart from the Kauffman polynomials only the LMOV integers up to level two for the same set of knots. These LMOV tables are exactly the data obtained as a result of the present paper.
Tests of integrality conjectures 4.1 SU (N ) Chern-Simons
As discussed in the introduction, the integrality conjecture (22) famously known as LMOV condition has been proven in [61] . Our focus in this paper is to write integer coefficients for the representations Q with |Q| ≤ 4. The HOMFLY polynomials for these representations and a list of the integers for more knots from the Rolfsen table [67] can be found in [24] . Here we present for a knot 8 20 from the Rolfsen table. This knot 8 20 is an arborescent and can also be obtained from 3-strand braid. The reason for our choice is that the exclusive Racah matrices necessary for evaluating the arborescent knots [20] are yet unavailable for the representation [3, 1] [23], while the inclusive Racah matrices in this representation are known [21] . Hence, the integers in representations up to the fourth level can be constructed only for the knots that have 3-strand braid representations. The answers for these integers are summarized in the tables below.
Note that one may think the integrality of these numbers trivially follows from the integrality of the HOMFLY coefficients. In fact, this is completely non-trivial: if one considers just the HOMFLY polynomials rescaled with the framing factor (−1)
, we see that these framed HOMFLY polynomials also obeys the integrality property. For example, one of the p dependent coefficient, with this factor multiplied Note that the huge denominator 3832012800 = 12!2 3 gets cancelled with the numerator for integer values of p. Further we observe that the number of non-zero integers increases with increasing |p| starting from large enough values of p, and the integers themselves celebrate some additional constraints, e.g.
Looking at the tables below, one may note the two properties: all the numbers in each column have the same sign (it alternates with turning at some value) and the sum of all the coefficients in each row is equal to zero. The first property, though being correct very often still sometimes breaks: for instance, for the twist knots (which have maximal braid number at the given number of crossings) starting from knot 6 1 already for Young diagrams of level 2. The second property follows from the fact that the unreduced HOMFLY polynomials are cancelled at A = 1, and, hence, so do f R (22) . From this latter formula and the fact that ψ R (∆) are symmetric group characters and, hence, are linearly independent it follows that 
SO/Sp Chern-Simons
In this case, the integers (31) and (35) [1] = 0 for it. This property was conjectured in [63] for the torus knots, however, it turns out to be the case for some other knots too, though it is not met too often: in the Rolfsen 
Link polynomials
In the link case, already the lowest relations (39), (40) imply a non-trivial test: one has to check that the expansions (41) and (42), indeed, starts from 1 and (q − q −1 ) respectively, i.e. that (40) cancels at q = 1, while (39) is regular. The literal integrality checks in this case require knowledge of a series of colored knot and link polynomials. We need to know: the HOMFLY and Kauffman polynomials for links and knots in the fundamental representation, which can be found in [67] ; the HOMFLY polynomials of links when one of the link components is in the first (anti)symmetric representation, and the other one is in the fundamental one, which are calculated using the known exclusive Racah matrices [30] or by the cabling method [35] and can be found in [24] ; the HOMFLY polynomials of knots in the adjoint representation and the Kauffman polynomials of knots in the first (anti)symmetric representation, which are read off the universal knot polynomials [1] in [24] ; the HOMFLY polynomials of links with one component in the adjoint representation and the other one in the fundamental one and similarly the Kauffman polynomials of links with one component in the first (anti)symmetric representation and the other one in the fundamental one, which can be constructed with the inclusive Racah matrices that we discuss in the next subsection (the manifest expressions for knot polynomials can be found in [24] ). This finally allows us to obtain the integers, and we again write down them just for a link 7a3, while more examples can be found in [24] : 
Racah matrices for links
In this subsection, we write down the inclusive Racah matrices that are necessary in order to perform calculations for checking the integrality conjectures in the case of 2-component links in the previous subsection. Non-trivial (new) Racah matrices are required in the following cases:
HOMFLY polynomials with one component in the adjoint representation and the other one in the fundamental one. In this case, one studies the product of SU (N ) representations 
and one can use the eigenvalue conjecture for links, [35] in order to construct the inclusive 2x2 matrices. Note that, since we are dealing here with links, there are two different matrices for each representation [35] . The eigenvalues (diagonalized R-matrices, [31] ) are Kauffman polynomials in the fundamental representation. In this case (when the answers can be also found in [67] ), one studies the product of SO(N ) representations 
and both the 2x2 and 3x3 inclusive Racah matrices (since all three representations are the same, there is only one matrix for each representation) can be obtained from the eigenvalue conjecture for knots, [33] . The eigenvalues are ) and, hence, the Racah matrices are 
where [n] q = (q n − q −n )/(q − q −1 ) denotes the usual quantum number.
Kauffman polynomials with one component in the (anti)symmetric representation and the other one in the fundamental one. In this case, one studies the product of SO(N ) representations 
and the mixing matrices being 
Conclusion
In this paper, we reported a positive result of new tests of the LMOV integrality conjectures, made possible by a recent progress in evaluation of the colored knot polynomials and first corollary of the performed calculations: the Gaussian distribution of the LMOV invariants. The progress is a cumulative effect of merging of the different research directions: i) reformulation of the RT formalism in the spaces of intertwining operators [31] - [35] with developments of the highest weight technique [19, 21] and the eigenvalue conjecture [33, 1] to evaluate the inclusive and exclusive Racah matrices [21] - [23] ,
ii) representing the knot polynomials for all arborescent knots through the exclusive Racah matrices S and S [17] , iii) developing the family technique [77, 18, 20] in order to adequately classify knots, at least, for calculational purposes, iv) applying Vogel's universality [85] to handle the adjoint representations and their descendants; important here is that deviations from the universality at the group theory level are not seen in knot polynomial calculus [74, 1] .
The work in all these directions is hard, but interesting and important (see also a new development in another direction of an integrality conjecture for superpolynomials, [86] ). The integrality tests are a non-trivial application of its results, and provide an additional stimulus for new advances.
